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ABSTRACT: We introduce a D7-brane probe in AdSs x S° background in a way that the
4d part of the induced metric on D7-brane becomes 4d de-Sitter space (dSy) inside AdSs
instead of 4d Minkowski space. Although supersymmetry is completely broken, we ob-
tain a static configuration and show the absence of dynamical tachyonic modes. Following
holographic renormalization we renormalize the Dirac-Born-Infeld action of D7-brane and
we completely fix the counter terms including finite contributions from the consistency
under various limits. Through the AdS/CFT correspondence we study the chiral conden-
sate and meson spectrum of CFT dual theory on dS; where the energy scale is identified
with the direction normal to dSy space in AdS5. We identify and properly reproduce the
finite temperature effects on dSy. Our results support the holographic interpretation of the
Randall-Sundrum model with non fine-tuned dS; brane(s) and the holography between
AdS,, (or dSp) bulk gravity and CFT on dS,_; called the (A)dS/dS correspondence.
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1. Introduction

The holographic principle conjectured by 't Hooft and Susskind [f] is one of the most
important keys to understand and construct quantum theory of gravity. This proposal
deeply concerns the fundamental principles of spacetime and quantum theory. The explicit
example of holography was realized in string theory with D-branes by Maldacena [§] and is
called the AdS/CFT correspondence. The best understood example of the correspondence
is supergravity (typellB string theory) on AdSs x S° is dual to 4d N=4 super Yang-Mills
theory (SYM). A field on AdS is identified with an operator in CFT and the generating
functional of correlators in CFT is calculated from AdS gravity [.

Many deformations of AdS;/CFT, have been discussed by compactifying one or more
spacetime directions, replacing AdS by asymptotically AdS geometries and so on, and the
parameters describing modifications correspond to the temperature or coupling constants
which may break some of supersymmetry in CFT side (see [f] and also [f] for a review).

The holographic principle has been also conjectured for other spacetime backgrounds
which have not been yet realized or well understood in string theory. Strominger discusses
the dS/CFT correspondence [[f], and a Minkowski/CFT correspondence is also proposed [§].
The holographic interpretation of the Randall-Sundrum model [[] was developed in [[L(].
Hawking-Maldacena-Strominger [[J] speculate the AdS/CFT interpretation of the Randall-
Sundrum model with non fine-tuned branes, i.e. AdSs space bounded by dS; branes, by
deriving the same value of the entropy from AdS gravity and from CFT on a dS space.
Alishahiha et al. [12, [[J] discuss a broader holography between dS, or AdS, bulk gravity and
CFT on dS,_; which is realized as a slice of bulk geometry, the (A)dS/dS correspondence
(see also [[[4] for other attempts to realize curved spaces).



However since the explicit string realization of these spacetime backgrounds has not
been well understood, many of these arguments are limited to be qualitative. Moreover
in the last two examples, the holography is in some sense unexpected since the same AdS
geometry has different CF'T dual descriptions depending on how AdS geometry is sliced,
a Minkowski slice or a de-Sitter slice.

A classical configuration of a bulk field in AdS5 contains the information of correla-
tion function of the corresponding operator in CFT. Let us discuss a static configuration
along 4d Minkowski space. The configuration is thus a function of normal direction to
4d Minkowski space. There are two independent integration constants in the asymptotic
solutions near the AdS boundary. They correspond to the coupling constant and the vac-
uum expectation value of the corresponding CFT operator. Those are, of course, some
numerical numbers. Now let us apply the same logic to a static configuration along dSy
space in the (A)dS/dS correspondence. (In this paper we only consider AdS), bulk and do
not consider dS, bulk geometry.) The static configuration is a function of normal direction
to dS4 which is NOT a normal direction to 4d Minkowski space, but a combination of that
and time direction of 4d Minkowski space. Using the original AdS/CFT correspondence,
we obtain a time dependent coupling constant and a time dependent vacuum expectation
value of the same CFT operator (section E) Although we are studying the same theory, we
are looking at a sector where 4d Lorentz symmetry is complicatedly broken. So what is this
sector? The guide is the symmetry. Since the static configuration is independent of dSy
coordinates, the coupling constant and vacuum expectation value are interpreted as those
on dS;. We will explain this idea in section | and speculate a conformal transformation
relates the (A)dS/dS correspondence (AdS), bulk) with the AdS/CFT correspondence.

Without string realization, the above argument just tells a possibility that a different
slice of AdS gives a different result on the dual theory. In this paper we realize the setup of
the (A)dS/dS correspondence in string theory in a probe limit. The gravity dual of adding
small number of dynamical quarks into N=4 SYM has been proposed by Karch and Katz
by introducing a D7-brane as a probe in the D3-brane background AdSs x S° [[§]. We
introduce a probe D7-brane in a different way such that the probe D7-brane fills d.Sy inside
AdS5 and other directions except the S? inside the S® (section [). The locus in the S2 is
described by a scalar field localized on D7-brane and is a function of the normal direction to
dSy surface in AdSs. In the CFT side this corresponds to introducing fundamental quarks
with supersymmetry breaking mass terms (see section [f). We find a stable supergravity
configuration and this realizes the setup of the (A)dS/dS correspondence, since the scalar
field is a bulk field in AdS5 and is a function of the direction normal to dS;. Then
applying the AdS/CFT dictionary [ and holographic renormalization [[[d, [[q], we show
the corresponding CFT operator is the quark anti-quark composite operator as it is in [[[5]
and study the flavor physics which are the chiral condensate (section f), meson spectrum
(section fJ) and quark anti-quark potential (section ff). We then discuss whether the flavor
physics we obtain is consistently understood as that in CFT with flavor on dSy.

The dSy space has a temperature proportional to the inverse of curvature radius. We
expect the finite temperature effects on flavor physics do not severely depend on the detail
of large N gauge theory, and are qualitatively same as those in a large N gauge theory



with flavor on Minkowski space at finite temperature. In fact many works on flavor physics
using the gravity dual of nonsupersymmetric large N gauge theories [I§, [lJ] have shown
that the qualitative behaviour of flavor physics does not depend on the detail of large N
gauge theory. It has been also known that the finite temperature effects on flavor physics
are insensitive to the detail of large N gauge theory [0, P1, [i§, PJ].

Therefore we will thus identify the finite temperature effects on flavor physics in our
calculations and see whether they are properly reproduced. We will show that they are
indeed properly reproduced. Thus we believe our results give an support on the holographic
understanding of the Randall-Sundrum model with non fine-tuned dS; brane(s) and the
(A)dS/dS correspondence.

2. Probe D7-brane and the chiral condensate

The effective theory on the supersymmetric D3/D7 system is known to be N=2 SYM with
charged hypermultiplets which are incorporated from the D3-D7 open strings. Karch and
Katz proposed the corresponding supergravity solution by treating D7-brane as a probe!
in AdSs x S° geometry [[§). In this paper we instead embed a D7-brane probe in a
way that supersymmetry is completely broken. The AdSs space realizes a dS; space as
a hypersurface in addition to 4d Minkowski space and we embed a probe D7-brane along
this dSy space (thus supersymmetry is completely broken) and the normal direction to the
dS, hypersurface in AdSs as well as the S inside S°. The position of D7-brane in the
remaining S? directions inside S° is a function of the normal direction to dS4. In the CFT
side, introducing D7-brane corresponds to adding fundamental quarks and all the results
we will compute suggest that we add fundamental quarks on dSy space.

The D3-brane background is described by AdSs x S° (appendix [A])

ds? = R—2de + EdR2 + 12d02 (2.1)
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where 4d Minkowski space (4d de-Sitter space) is apparent in the first (second) expression.
dQ? is the metric of S™. We explicitly write the AdS5 and dS4 curvature radius which
are l5 and [y respectively. R is the distance from D3-brane, R? = (X*)2 + ... (X?)? where
X0... X? are the rectangular coordinates. As approaching to the AdSs boundary, u — oo,
these two expressions are same at the leading order and this is understood that the dSy
curvature effects are ignored in high energy limit in the gauge theory side.

Now we embed a dSy space filling D7-brane as a probe in this geometry. For the
computational convenience, we change the coordinate w into r by

2
4r u s u s
ar _(ju b5 Ju s 2.
l5 <\/l5 * ly * \/l5 l4> (2:3)

!The backreaction of a probe is discussed in @]




and the AdSs x S® metric becomes

d2_2 1 lg 2d2 lng 2dQ2 2.4
SEU\G T Tagy + 5 (dr® +r7dd;). (2.4)

We further rewrite dr? + r2dQ2 = dp? + p2dQ3 + dy* + dz? and then

2

ds? = 12 <l — i) dx2g, + E(dp2 + p?d3 4 dy? + dz?), 2 =p* i+ 2% (2.5)
l5 47“2& 7“2

In this coordinate system, the world volume of dSy space filling D7-brane is embedded with

y =y(p) and z = 0. Because of the rotational symmetry, we place the brane at z = 0 and

the position along y becomes a non trivial function of p.

Since D7-brane breaks supersymmetry completely, this static configuration may have
tachyonic directions? and we should include the time dependence. However as long as the
energy scale associated with the motion of D7-brane (the scale of tachyon condensation) is
much smaller than the scales which we are interested in, such as 5 L l;l and the distance
between D3 and D7 branes which will be understood as the mass for charged matter fields,
we expect that the AdS/CFT correspondence is still applicable and the instability of D7-
brane embedding should be interpreted as an instability in the field theory side. (Actually
we will show there are no dynamical tachyonic modes.)

The Dirac-Born-Infield action of D7-brane with the tension 77 and the equation of
motion for y(p) are

4
S = —T7/d8m\/—h x /dp <1 — ﬁ) P>V 14+ (p)?, (2.6)
Ty
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where v/—h is the determinant of metric and we hereafter use l5 = 1 unit. The D7-brane
configuration is given by a regular solution of the equation of motion up to p = 0 or up
to the horizon, otherwise the approximation of using supergravity breaks down and there
is no interpretation of gauge theory dual since r direction is related with the energy scale.
When we separate one D3 brane from others along r direction, the mass My of gauge
boson associated with symmetry breaking is calculated from the tension of string stretched
between the probe D3 brane and the horizon [[17],

1 [" 1 1 1
M — d = — — SR — 2.8
Wy / VIOV = (7" T e 4rhl§> (28)

where 7 and 1, are the position of probe D3 brane and horizon in (2.4) and 1/ is the
string tension. Therefore the proper distance from the horizon along r direction is related
with the energy scale in the dual field theory [[J].

2Some of readers may wonder if there is a static embedding. Since the regularity of y(p) gives only one
condition for a second order differential equation for y(p), we always have a static solution.



In the AdS/CFT correspondence the correlation functions of CFT operators are com-
puted from the on-shell supergravity action which is obtained from plugging a solution.
The on-shell action is usually divergent and we should regularize and renormalize the action
to have a well defined action. Therefore we first study asymptotic solutions and divergences
in the on-shell action. The asymptotic solutions at p — oo are

2 2
In(p”+m’) )> - % +0(p™%). (2.9)
p
Though v and m are integration constants in this order, v is determined in terms of m to
give a regular solution, i.e. y(p) and y'(p) are everywhere finite. Plugging the asymptotic
solution into the Dirac-Born-Infield action, we obtain

s [ 3 m?
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where Q3 is the volume of S3 and ggqg4 is the dSs metric. We regularize the action by
introducing the cutoff p.,, which will be taken infinity after renormalization and Sy is the
finite part. We notice that when m is smaller than roughly 1/l4 (1.4/l4 from numerical
analysis, see some regular solutions in figure [[), a regular solution y ends at the horizon,
and it is easily checked that there is no divergent contributions to the on-shell action from
the horizon. The coefficient in front of In ps, is understood as the conformal anomaly
of CFT [[[f and is same as that calculated in [[J]. Since the m dependent term in the
potential is unbounded below, the mode associated with changing m is a ’tachyonic’ mode.
However the change of potential energy is (log) divergent and thus this 'tachyonic’ mode
is not a dynamical mode (an infinite energy is needed to turn on this mode). After we
introduce counter terms and renormalize the action, the finite on-shell action would depend
on m. However we can impose the Dirichlet type boundary condition for y(p.) as is done
in AdS/CFT and fix m, i.e. we can freeze the instability mode. We will later study there
is no tachyonic mode in local excitations. Thus we apply the AdS/CFT correspondence
up to the low energy limit in the field theory side.

Although in this embedding introducing the cutoff at constant p seems natural, this is
the key. We do not introduce the cutoff at constant R in the metric (B.1]). We just simply
follow the AdS/CFT dictionary [[f] and holographic renormalization [, [4] with replacing
R by p, and compute correlation functions in the dual theory. Then we will check whether
the resultant correlation functions are consistently understood as those in CFT with flavor
on dSjy.

Since the symmetry of action is useful for determining the possible counter terms, we
notice the invariance of metric under the following redefinition parametrized by an arbitrary
real parameter «

lLh—aly, p—alp, y—aly. (2.11)

Therefore although we have two parameters I; and m in the asymptotic solutions (R.9)
after taking l5 = 1 unit, the real free parameter is only the combination mly & m/T where
T is the temperature of dSy space. However we treat both Iy and m as parameters since it
is convenient for discussing the behaviour under the change of I and m.



Following the holographic renormalization [[[§, [[7], we introduce the counter terms
which should respect unbroken symmetries and are defined at the cutoff p = po,. Those
are

, (2.12)
P=Poo,y=Y(poo)

2
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4
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where 7 is the induced metric at a constant p = po, surface in AdSs and y appears in
the combination y/p since y/p is the canonically normalized field in AdS5 and invariant
under (B.11), and so is ply. The form of F is determined to cancel the divergences in S
and we obtain

Se =T793/d490\/—_7[1 - +< I >{(Cl—|—1)ln(l4ﬂ)+qln (%)}
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p=poo,y=Yy(poo)
With these coefficients, all the divergences are cancelled out, i.e. S 4+ S. is finite. As is
discussed in the literatures [[[d, [(7, R4], we have ambiguities in finite contributions c; - - - ¢4
which are numerical constants and do not depend on I4. A different choice of finite counter
terms corresponds to a different regularization scheme in the field theory side and the
correlation functions depend on a choice of scheme. Thus we need to find a proper reg-
ularization scheme. We will show that the finite counter terms are completely fixed from
the requirements that the correlation functions should recover those in supersymmetric
theories after taking the limit [; — oo and should also recover physically acceptable ones
in the limit where dS4 curvature is negligible.

Since the metric (R.2) approaches to the metric (R.1]) near the AdS boundary, we
identify the CF'T operator O for y field as the same operator in the supersymmetric case,
i.e. the quark anti-quark composite operator gG where quark is a fermionic field in a
hypermultiplet. According to the AdS/CFT dictionary ], y(ps — 00) = m is the mass
for quark, i.e. £L = Lcpr + mdq, and the one point function (O), the chiral condensate, is
calculated from the renormalized action,

h O(S+5e)

L P
= 1 e 2.1
O = e T oylom) (219

2 2
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A= 2(61 + 1) Inly + 1 + 2¢q4, B = 2¢y, C =4cy, (216)

where 7 is the induced metric at a constant p = pso as (R.13). The terms inside the first
bracket come from the action S and those inside the second bracket come from the counter
terms S.. The log divergent terms cancel out and finite counter terms do contribute to the
one point function. In the supersymmetric case, i.e. Iy — oo, 2v + Cm? survive. Since the
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Figure 1: The regular solutions y(p) vs p. Figure 2: The multiple solutions y(p) at
From the top m = 1.5,1.43,1.37 and 1.3. m=14vsp. Iy =1.
The horizon radius is 0.5. Iy = 1.

regularity of solution is satisfied only for v = 0 and the total on-shell value of action should
be zero because of supersymmetry [24], C = 0 follows and there is no condensate. When
l4 is finite, v in a regular solution is a complicated function of m. We expect the chiral
condensate (O) goes to zero as quark mass gets large m > 1/l4 because the dS4 curvature
effects should be negligible, and thus other coefficients A and B should be determined such
that (O) goes to zero as mly — oo. If we cannot realize (O) — 0 in this limit, it indicates
the AdS/CFT correspondence has to be modified or cannot apply for this case. Therefore
this gives a nontrivial check of the AdS/CFT correspondence in our generalized cases.

The ambiguities of finite counter terms exist in the case of other geometries as well.
For example in the case of AdS Schwartzschild black hole studied in [R]], there is one
free parameter labells the finite counter term which corresponds to C' in (P.16). This free
parameter is fixed such that the chiral condensate goes to zero at the supersymmetric limit
or a large quark mass m/T — oo (T is the black hole temperature) limit and C' = 0 is
obtained. Thus the chiral condensate in [R1]] is just given by v in our notation.

We solve the equation of motion numerically and find regular solutions of y by the
shooting method. We set I; = 1 and give the initial conditions read from (£.9) at p? = 5000
and solve the equation of motion toward p = 0 with changing v and m to find regular
solutions. By using the rescaling (B-11)), a set of regular solution (m,v) for Iy = 1 gives
another one for Iy with (m/ly, v/l — mIniy/l3). When m < 1.4/l, we find the regular
solution ends at the horizon (figure [[). We show the numerical results of the sets of
(v,m) which give regular solutions denoted by dots in figure B for Iy =15 = 1 case. v
is an increasing function of m and it is nontrivial if finite counter terms can cancel the
increasing behaviour of v. The numerical data is best fit? with 1.0 x mInm which is
shown in figure f] as a line, and then we obtain ¢; = —1, ¢ = 0 and ¢4 = 0 in our
parameters (R.14). (The parameter c3 would be fixed similarly from minimising the on-
shell action.) Although the line in figure [ fits the data very well, the line does not
completely fit them and the small difference between the line and the dotted data becomes

3We obtain the fit using the data at m = 40 and m = 50.
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Figure 3: v of regular solutions vs m. The Figure 4: The chiral condensate (O) vs m.

line is the best fit function 1.0 x m In m which l4 = 1. (The small difference between the

almost overwraps the dots in this scale. Iy = line and numerical data in ﬁgureﬁ gives this.)
1.

our prediction of chiral condensate which is shown in figure fl with the unit 277Q3 = 1.
Since y(p) = y/(p) = 0 is a solution, there is no quark condensate in the chiral limit. The
behaviour of chiral condensate is very similar to that in the large N gauge theory with
flavor at finite temperature studied from AdSs Schwartzschild black hole [RI]. Therefore
we have properly picked up finite temperature effects in our D7-brane embedding. Some
comments are in order: 1) When a D7-brane ends at the horizon, it is nontrivial whether
the horizon is stable under perturbations. However since this is the AdS horizon, we expect
the horizon is stable under perturbations. In fact we will study perturbations around the
solution in the next section and show there are no tachyonic modes. 2) We find multiple
solutions in the region 1.38 < miy < 1.41 (see figure []) as are found in [L§]. This might
imply a phase transition at m ~ 1.4/l4 as studied in QCD at the finite temperature [§].
3) Although the final result in figure [f is very similar to that in [21]], the geometries in this
paper and in [P]]] are different. Before introducing the probe D7 brane, the goemetry in
this paper is just AdSs and the N = 4 supersymmetry is kept unbroken which is on the
contrary broken in the case of AdSs black hole. Since we study the situation in which the
probe approximation is a good approximation, the backreaction of D7 brane is small and
the geometries are still different.

3. Meson spectrum

We have not shown there are no tachyonic modes in local excitations around a regular solu-
tion. In the gauge theory side, the fluctuations about a D7-brane configulation correspond
to meson fields [2§]. In this section we thus aim to study the meson mass spectrum and
see if there are tachyonic modes and if the meson spectrum captures finite temperature
effects.

We first discuss what are expected from the results in the previous section. Since there
is no chiral symmetry breaking in the chiral limit, it is consistent that we have a mass gap in
the spectrum contrary to QCD at low temperature. The spectrum of heavy masses, much



heavier than 1/l4, should be approaching to the mass spectrum in supersymmetric case
plus thermal corrections. With keeping these in mind, we now solve linearlized equations
of motion. The small (s-mode) fluctuations along z direction* are included in the induced
metric

1\? 1
ds? = r? <1 - W) da?e, + 3 (d,o2 + p2dQs + v/ (p)?dp® + aazabzdxadxb) (3.1)
4

and the action up to the quadratic terms in terms of z becomes
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where r3 = p? + y(p)? and y(p) is the regular solution obtained in the previous section.

Then it is easily seen that the energy carried by z (s-mode) fluctuations is positive definite
and we do not have tachyonic modes. Notice that the counter terms S. do not play any
rules in this discussion. Since our main object in this section is the meson spectrum, we
proceed to solve the equations of motion for z.

The linearized equation of motion for a Kaluza-Klein (KK) mode z = ¢ps(z) f(p) with
the four dimensional mass M becomes

/ " / -1
52F(p) = {_§ LY () 2p +y(p)y(p)) (1 3 47"18li> }8pf(p)
1

p o 1+y2(p) rolt

, 1\ 2 e
*“”“’)2)(1_?3&> {7‘(1‘H> T—S}f(p)- (33)

After normalizing properly, this Kaluza-Klein mode then satisfies

S=- /d4xv—gd54(9§§45u¢M5u¢M + M2¢3y). (3.4)

The asymptotic solutions near the AdS boundary are same as those for y and so f(p)
should be proportional to 1/p? near the boundary. We give this boundary condition at
p? = 5000 and solve the equation numerically toward p = 0. Since f(poo) x 1/p% — 0 in
the poo — o0 limit, the boundary action S. does not change the equation of motion and the
boundary condition. This simply means that the mass of meson field is a physical quantity
and does not depend on a regularization scheme. The regular solution is only allowed
for discrete mass M. For the supersymmetric case, the meson spectrum is calculated
M? = 4m?(n + 1)(n + 2),n = 0,1,.... We have numerically obtained how the masses
of the lowest and the second KK modes (n = 0,1) change as m changes for the case dSy
radius I4 = 1. We show our numerical results by dots in figure [} with I = 1. Using the
rescaling, we can obtain the KK (meson) masses for general ly. For a large m > 1/ly, i.e.

1t is easily checked the small fluctuations along y direction satisfy the same equations of motion.
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Figure 5: The lowest and second KK (me- Figure 6: The first and second KK (meson)

son) masses M vs quark mass m. The masses M vs temperature 1/l with fixing

asymptotic forms M = /8m? —4/12 and
M = \/24m? —22/I5 are given as lines.

Iy =1.

quark mass m = 1. (This is obtained from

figure [| using the rescaling (P.11]).)

a low temperature, we find the asymptotic form for the mass of lowest KK mode
M? = 8m? — 41> (3.5)

which we put as a line in figure f]. Similarly the mass of second KK mode is given
M? = 24m? — 221;2. The negative sign of finite temperature effect in this region is
consistent with the results of QCD at finite temperature (. This is much clear in figure [
where we show the temperature dependence of meson masses which is obtained from fig-
ure [ using the rescaling (2.11]) and the decreasing of meson masses in a low temperature
region is due to the negative sign. This figure is an analog of [0, figure 4.4] and as long as
qualitatively they behave similarly. Although the field theory in our case is different from
QCD, this similarity supports that the dual field theory in our embedding of D7 brane is
a field theory on dSy space.

The mass starts deviating from this asymptotic forms when m becomes equals to or
smaller than 1.4/l where a D7-brane ends at the horizon, and the KK modes degenerate
below (1.2 ~ 1.4)/14% in our numerical analysis. This again might signal the same phase
transition in QCD at finite temperature studied in [[[§]. Although in this region we have
numerical errors 0.1 ~ 1 in the lowest KK mass square, the mass square never crosses zero.
This is supported from the fact that the AdS horizon is stable. The flatness of the mass
is understood as the large part of mass comes from thermodynamical fluctuations when
the temperature T' = 27/l4 becomes larger than the bare quark mass m. This behaviour
is clear in figure [ in which the mass increases linearly as the temperature increases in a
high temperature region. These all behaviours are very similar to those in a large N gauge
theory with flavor at finite temperature [R1, [L].

In this section we did not study fluctuations of gauge fields on a D7-brane which
correspond to vector mesons in the gauge theory side. It is known that there is a mass gap

5In figure E the degeneracy starts at 1.2/l4, but there are numerical errors.

,10,



in supersymmetric case [@] and thus we expect a mass gap in our system at least when
m > 1/ly. It is nontrivial whether we have tachyonic modes in vector mesons when m
becomes smaller. We leave this question as a future work.

4. Wilson loops

In previous sections, we have studied the chiral condensate and meson spectrum and have
obtained consistent results with those of a large N gauge theory with flavor at a finite tem-
perature. In this section we study Wilson loops and the static quark anti-quark potential.
In the AdS dual picture, the Wilson loop is described by a string lying along a geodesic
in the AdS bulk with the endpoints on the boundary or a D7-brane [2d, RJ], which in our
situation is the dS; hypersurface. The end points represent the positions of quark and
anti-quark on a D7-brane. The Nambu-Goto action becomes

S = LQ;Q“ / dx\/ (u2 = 17°)2g00 + (Opu)? (4.1)

where we have used the coordinate system in (R.2) and u is a function of z, i.e. u = u(z).
g and gy, are (¢,t) and (x,x) components of 4d de-Sitter metric. We assume the time
scale T' is much smaller than [4 and then we approximate gy and g, are constant (g, = 1).
In this paper we only consider the case m > 1/l4 and further approximate the D7-brane
configuration is straight y(p) = m. The open string which stretches in the AdS bulk with
endpoints at u = m conserves the following quantity c,

—c=u2—1;? (4.2)
V(2 = 1722 + (Opu)?

and /c measures the distance between the horizon u = 1/l4 and the point u. until where
a string extends from u = m. Thus when ¢ goes to zero, the quark and anti-quark are no
longer connected by a string and move freely. The distance L between two heavy quarks
is obtained from the above equation,

2 [m/Ve 1
— 7 y . (4.3)
w/Ve (g2 — e (2 — el ) - 1
The energy of Wilson loop is calculated from the on-shell Nambu-Goto action,
m/\/c 2 _ 12
E=2/c gy =) (4.4)
uc/+/c (y2 — C_llZQ)Q 1

Here we have dropped various numerical factors which are not important in our discussions.
It is easily seen that L (E) is given by a function of cI? times ¢~ /2 (c¢!/2). Therefore as
before we can set [4 = 1 without losing generality.

We divide L into three regions; (1) the short distance region L < 1/m, (2) the inter-
mediate distance region 1/m < L <4 and (3) the large distance region L 2 ly.
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(bottom) curve is for Iy — oo (Iy =1). m = L. The line is 1.32/L — 1.35/l4. E exactly
20. goes to zero at L = Lyqr. m = 20. Iy = 1.

We compute L and E numerically for (2) and (3) regions and show those results by
dots in figure [f and figure § where we put Iy = 1 and took m = 20. In figure [j, there
are two lines with dots. The upper curve is the distance L for the supersymmetric case
(l4 — o0) and the lower curve is for Iy = 1. In the region (2) (L < l4), they approach with
each other, and the binding energy of quark and anti-quark bound state £ — 2m,, is well
fitS with a Coulomb type potential

1.3 1.3
FE— qu = T — Z,

(mg=m—13") (4.5)
which is given as a line in figure . The quark mass is identified as m — l;l since a string
can extend up to u = l;l not u = 0 [R7]. The difference between m, and m obtained from
the AdS/CFT dictionary [[f] could be understood as a renormalization group effect since
the endpoints are located at p = 0 on a D7-brane, not at p = co and we should use m at
a short distance region, i.e. L < 1/m. The dS4 curvature correction —1.3/l4 reduces the
binding energy which is consistently understood as the finite temperature effect.

We find discrepancies from N=2 SYM when ¢ goes to zero (region (3)). The distance
L has the maximal length L, for dSy case

Linaz ~ 1.6 x 14 (4.6)

The binding energy goes to zero at Lyq, (faster than a Coulomb type potential) from the
above (figure f§) and they become free particles when L is larger than L,,... A similar
result was obtained from AdS black holes at finite temperature 7).

We compute F and L in the L — 0 limit (region (1)) and obtain

E=(m?-1;*)L. (4.7)

This is the linear potential and the finite temperature effect appears as reducing the string
tension as expected. (Here we chose the bare mass m as a quark mass, since L — 0 is the
high energy limit.)

5We use the data at 0.1 < L < 0.4.
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5. Conformal transformation

With the success of producing finite temperature effects from our D7-brane embedding,
we would like to try answering why we have obtained such reasonable results. As briefly
discussed in Introduction, the different slice of AdS space give different results on the CFT
side.

We study a bulk scalar field with mass M.

S = [ dav=gais (00 - M*6%). (5.1

Since the components of two metrics (.1)) and (2.3) are same at the leading order near the
AdS boundary, the asymptotic solutions of static configuration along d.Sy is given

¢(u) = cru™ +cou®~,  ap = 2% /4 + M2I3, (5.2)

where ¢; and ¢y are integration constants. Here we only discuss the case —4 < M?2[2 < —3
otherwise the first correction to cju®t asymptotic solution is larger than cju®-. (But
the essential arguments below are still same for general M.) In terms of 4d Minkowski
coordinate system, u = Rt/l (appendix [A]),

¢(u) =C (Rt/l4)ozJr + CQ(Rt/l4)a7. (5.3)

Using the original AdS/CFT correspondence, the scaling dimension of corresponding CFT
operator O(z) is read from this solution and is 4 + a;. We introduce the cutoff at a
constant R = Ry and use the AdS/CFT dictionary. From straightforward calculations,
we obtain the time dependent source and vacuum expectation value,

L= Lprg+c1(t)14)*O(x), (5.4)
) )

(O(x)) Rc}:riloo R/ 50r |er—o ox co(t/lg)*, (5.5)
where L4 is the CFT action on 4d Minkowski space, © = (t, ;). (Notice that the on-shell
action from ¢t — +oo goes to zero compared to that from the cut R = R, as the cut
approaches to the AdS boundary.) From the D3-brane effective theory’s point of view
on Minkowski space, we are considering responses against time dependent sources. As
discussed in section [, the scalar field on D7-brane corresponds to the quark anti-quark
composite operator. Therefore we were studying a time dependent mass term for quarks
(thus supersymmetry is broken) and responses to that.

On the other hand, the (A)dS/dS correspondence claims that introducing the cutoff
at constant u = u, and applying the AdS/CFT dictionary. We then obtain

L = Lgs4+ 01(9(:6),
(O(z)) x c,

where £4g4 is the CFT action on dSy, x = (s, x;) (appendix [A]), and the vacuum expectation
value is calculated around dS4 background. The operator O is same since the asymptotic
solution is same.
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The cut near the AdS boundary corresponds to the UV cutoff in the CFT side. The
above result indicates a different UV regularization induces two different results on corre-
lation functions and the difference does not seem due to just a different scheme. Let us try
to give some explanation on this point. We again study the on-shell value of action. If we
keep ¢1 nonzero and compute the on-shell action, we obtain in each case

212c
ARG LA YT
A g Gy
5t

4 R> R=Rs 4
S = [dov=gnzoore| = [ dav=gum
5

U=Uoo

2
a4 C
— [dtovmam s e (59)

I3

W2 12\ %2
5= [atev=mm (F-5) oo
(Here we ignored the possible contributions from ¢ = +00.) The leading contribution is
divergent and takes a different value except when t ~ s ~ l4. Thus they are not related
just by a finite renormalization.

Because of a time dependent coupling, we have time dependent divergences (F.§). Thus
we may mix time t and the UV cutoff R., and define a new time s, and similarly define
a new UV cutoff us such that the time dependence disappears. (This is nothing but a
coordinate transformation from AdS point of view (A-10).) Taking the limit Ro, — oo, the
mixture becomes zero and the new time s is still ¢ (and so the metric unchanged). Since
dS, is conformal to flat, we act the conformal transformation (and scale transformation to
fields) and change the metric from Minkowski to dSy,

gM4 = Q_dis4, Q=== (5.10)

Since N=4 SYM, L4(P) (P represents the fields in the CFT), is scale invariant, the
resultant action £gg4 becomes Lg54 = Lpr4(P)+L(0, 2, @) and the contraction of Lorentz
indices is given by dS; metric. (We do not consider anomaly here.) The second part is the
terms which always include the (time) derivative of Q7. Since the scaling dimension of O
is 4 + ay, c1(t/l4)** O(z) part in Lagrangian is transformed into ¢;O(x) and the vacuum
expectation value (O(x)) o ca(t/l4)* is also transformed into (O(x)) o co. Although this
argument is quite unsatisfactory, the coupling constant and vacuum expectation value in
CFT on Minkowski is conformally transformed into those in CFT on de-Sitter space. The
cutoff on Minkowski space is also mapped into the cutoff on de-Sitter space. We hope this is
touching something behind the (A)dS/dS correspondence and why we obtained reasonable
results.

6. Conclusions and discussions

We have studied a D7-brane probe in AdSs x S° geometry. We identify the normal direction
to a dS4 hypersurface in AdS5 as the energy scale in the dual gauge theory and obtain
a D7-brane configuration which is static along the dS; directions. The scalar field on a

"The D3-brane action might have couplings to gravity, when gravity is coupled, which are consistent with
superconformal invariance, such as R¢? /6 for a scalar field ¢ and R is the scalar curvature of the background
4d metric [@] Then the second part is written with a background gravity in a general covariant way.
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D7-brane is a bulk field of AdSs5 foliated by dS4 and can be treated as a bulk field in the
Randall Sundrum model with non fine-tuned brane(s) or in the (A)dS/dS correspondence
studied by Alishahiha et al. [[3, [[J]. Thus the field theory dual is expected to be a CFT
with flavor on dS4. We have checked this expectation is true by identifying the finite
temperature effects in the chiral condensate, meson mass spectrum and quark anti-quark
potential and showing they are properly reproduced. Therefore we realize the gravity dual
of non supersymmetric field theory by breaking supersymmetry by a probe brane.

The regularized on-shell action is log divergent in terms of m, which is the asymp-
totic locus of the D7-brane, and thus there is an infinite potential barrier between the dS
embedding and supersymmetric embedding. This might indicate that different UV regular-
izations induce renormalization flows into different IR physics which are not connected by
perturbative modes or finite renormalizations, but might be transformed with each other
by a complicated (conformal) transformation.

We showed there is no tachyonic mode in the perturbations of scalar fields localized on
the D7-brane. We expect there is no tachyonic mode in the perturbations of gauge fields
on the D7-brane as well, since there is a mass gap in the supersymmetric limit. When
we include the back reaction of D7-brane, the gravitational solution is expected to be still
similar. Thus this realization of de-Sitter space on the D7-brane might be phenomenologi-
cally interesting, since the possibility of the localized gravity in D3/D7 system is discussed
in 29).

We have little knowledge on the quantum field theory on de-Sitter space. Because of
numerical error, we did not pay much attention to the high temperature regions. It might
be interesting to study them and phase transitions by improving the accuracy of numerical
analysis. It might be also interesting to study two point or multi point functions in this
direction.
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A. Minkowski and de-Sitter slices in Anti de-Sitter space

The AdS5 with the curvature radius /5 is a hypersurface
X2+ X2 -X2-X?=13 i=1,23, (A1)
in the 6 dimensional flat space with the metric
ds? = —dX? +dX? + d(X4 + Xo)d(X4 — Xo). (A.2)
The 4d Minkowski space with coordinates (¢, z;) is embedded as follows,

l2
Xy —Xo=-R, X;+Xo= —5+§(f2—t2), (A.3)

Rt X — RIZ
R 2

X = 2t x,
5 l5’ 7 l5’
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and the AdSs metric is given

RQ

ds® = l2 (—

12
dt* + di?) + R—5dR2 (A.4)

Similarly the dS4 space with coordinates (s, ;) is embedded along Xy, X; and X4 satisfying

2 2 2 2 u? l52>
5 4

The embedding is

Iy _ lams 12 ly [u? 2
> 55“’ \/ 52’ s\ 2 13 (4.6)
X+ Xo = 1 / (A.7)

and AdSs metric becomes

u? 12 z I AN

The transformation between two coordinate systems is easily obtained from the embed-

dings:
Ty = Xy (AQ)
su /w2 12\ Y2 1A\ /2
t="(—% -2 = (t* - = Al
c(7-8) e (-n) (A10)
s (w2 12\'? Rt
_ labs fum b5 _ All
=" (lg 2) TUT (A.11)

The AdS boundary corresponds to R — oo and equivalently to u — oo. Near the boundary,
we have t = s.
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